We present a framework where first principles calculations of jet modification may be carried out in a non-perturbative thermal environment. As an example of this approach, we compute the leading order contribution to the transverse momentum broadening of a high energy (near on-shell) quark in a thermal medium. This involves a factorization of a non-perturbative operator product from the perturbative process of scattering of the quark. An operator product expansion of the nonperturbative operator product is carried out and related via dispersion relations to the expectation of local operators. These local operators are then evaluated in quenched SU (2) lattice gauge theory.
I. INTRODUCTION
As of this time, the Large Hadron Collider (LHC) has completed 2 successful runs and there is a wealth of data on the modification of hard jets from the Relativistic Heavy-Ion Collider (RHIC) [1, 2] and the LHC [3] [4] [5] . With the similarity between the various soft observables between RHIC and LHC the study of jets has moved to the forefront of heavy-ion programs at both these colliders.
In the last several years, the science of jet quenching has undergone considerable evolution. There are now four different successful jet quenching formalisms based on perturbative QCD (pQCD) [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] and a collection of formalisms based on AdS/CFT [20] [21] [22] [23] . While one would have expected a large disparity between the physical pictures underlying the strong and weak coupling approaches, there are actually considerable differences between the various pQCD based approaches. Besides the differences in the description of the perturbative gluon emission process, the description of the medium is quite different in the various approaches: In both the Armento-Salgado-Weidemann (ASW) and the Higher-Twist (HT) approach, one assumes that the transverse momentum exchanged in numerous interactions with the medium is soft enough that one may approximate the distribution as a Gaussian, and retain only the leading two moments (mean and variance). The variance of this Gaussian transverse momentum distribution is often referred to asq. In the Gyulassy-Levai-Vitev (GLV) formalism, the exchanged momentum is assumed to have a considerable hard tail, such that it cannot be approximated as a Gaussian broadening. In the Arnold-Moore-Yaffe (AMY) formalism one describes the medium using Hard-Thermal-Loop improved perturbation theory [24, 25] .
With the exception of the AMY formalism, none of the other pQCD based formalisms can be said to be a first principles calculation. In all cases the transport parameterq (either averaged or a normalized function of space-time in a fluid dynamical simulation) is a fit parameter in the calculation, set by comparison to one data point. Even in the AMY formalism the strong coupling constant α s is varied to fit one data point. Thus, even the AMY formalism is not, strictly speaking, a first principles calculation. The strong coupling approaches, though first principles calculations, are not sufficiently sophisticated to address the great variety of jet modification data. The predictions from such calculations also seem to be inconsistent with the rising R AA observed at the LHC [26] .
The goal of the present paper is to suggest a setup where a first principles calculation of jet modification can be carried out using a combination of perturbative and non-perturbative methods. The perturbative sector will be similar in form with the higher-twist approach in that it will involve a factorization of the perturbative sector describing the propagation of hard partons from operator products which will be used to describe the medium. The computation of these operator products in the nonperturbative sector will be carried out using finite temperature lattice gauge theory. We would point out already at this stage that a completely first principles calculation can never be directly compared with data. It will, however, provide constraints on the number, structure and normalization of the various transport coefficients that one routinely uses to construct a phenomenological analysis of the data.
The paper is organized as follows: In Sect. II, we describe the set up where calculations can be carried out and in particular we will attempt to justify why the current method to identify and estimate jet transport coefficients is the better alternative. In Sect. III we will focus on the particular process of a hard quark propagating through a medium and set up the formalism for this process. In Sect. IV the various regions of phase space will be explored. In Sect. V, dispersion relations that will be used to evaluate the operator products will be set up. In Sect. VI we discuss the details of the lattice gauge theory calculation. We conclude in Sect. VII with an outlook for future work.
II. PQCD PROCESSES IN A QGP BRICK
The notion that jet transport coefficients represent properties of the medium and thus should be calculable in lattice QCD has definitely been informally considered for some time now. The most naive approach would be to simply take the expression for a given transport coefficient, sayq, as derived in an appropriate effective theory in Ref [27] , wherê
and attempt to compute this on the lattice (In the equation above F ⊥ µν is a gauge field strength operator, one of whose indices are either 1 or 2). This particular form of the transport coefficient is obtained in either covariant gauge or light-cone gauge.
The equation above is not manifestly gauge invariant and requires the introduction of Wilson lines. At first sight, the path taken by the Wilson lines seems arbitrary. However, following the arguments in Ref. [28] , one obtains four different Wilson lines that need to be included, two along the light-cone direction and two along the transverse direction. The fully gauge invariant expression forq is now given as,
In the equation above, U represents a Wilson line along the (−) light-cone direction and T represents a Wilson line along the transverse light-cone direction. If the calculation were being carried out in covariant gauge, only the light-cone Wilson lines will contribute, while for the calculation in light-cone gauge, only the transverse Wilson lines will contribute. Thus while the exact expressions are rather different in the two gauges, both may be derived from Eq. (2) . Given the extent of the Wilson lines (and the issues related with analytically continuing an euclidean operator product to one that is almost light-like separated), it appears almost impossible to evaluate these on a finite size lattice. However, there exists an alternative, based on the similarity betweenq and the gluon distribution function and the method by which parton distribution functions (PDFs) are evaluated on the lattice [29] [30] [31] [32] , i.e., using the method of operator product expansions. Imagine a high energy process e.g. the deep inelastic scattering (DIS) of an electron with momentum k off a single quark prepared with momentum p, at one edge of a finite volume V which is maintained at a fixed temperature T ∼ Λ QCD . At this temperature the volume will be filed with strongly interacting matter, which at temperatures somewhat below Λ QCD will be a hadronic gas and at very high temperatures will be quark gluon plasma. We maintain the chemical potential µ = 0 so that the contents have the conserved charges of the vacuum. On scattering off the electron, the quark will produce a hard virtual quark which will then propagate through the medium. In vacuum such a parton would undergo a perturbative shower, spraying partons with ever lower virtuality until the scale becomes comparable to Λ QCD and hadronization begins to set in. In the presence of a strongly interacting medium the produced shower will scatter off the constituents in the medium, diffuse in transverse and longitudinal momentum, and be induced to radiate more partons leading to a further degradation in the energy of the part of the jet which escapes the medium.
If the medium is not larger than E/µ 2 0 , where E is the energy of the jet, and µ 0 is the minimum scale below which pQCD is no longer applicable, a portion of the jet will hadronize outside the medium. The differential cross section for any particular outcome from such a hard scattering process can be expressed using the standard factorized formula,
where L µν is the usual leptonic tensor and dW µν is the differential hadronic tensor for the particular process of interest; all interactions which involve the QCD coupling g are contained within the hadronic tensor. Say further that in the hadronic tensor, we could factorize the initial distribution of the hard quark, the hard scattering off the photon and the final propagation through the medium as,
In the equation above, f (x) represents the distribution of the initial quark; in the case of quark inside a proton this would simply be the parton distribution function. In the case of a single quark it is simply δ(1 − x). The termσ µν represents the hard cross section for the scattering of a quark off a virtual photon. The function D which is a function of the set of measured final state momenta {p f } includes all final state effects after the hard collision of the quark with the photon. The general structure of D may be written as
where, |M represents the medium where the jet interacts, |{p f }X represents an inclusive hadronic state containing the detected hard momenta {p f } and other states which are not part of the medium. The operators Q, Q † represent the part of the process which occurs outside the medium and fragments to yield the detected "non-medium" final state. The remaining operator O j represents the part of the process that occurs within the medium. In a real heavy-ion collision such a distinction may be impossible to even formulate. However, in the theoretical scenario of a hard jet propagating through a finite medium, such a separation can be carried out order by order.
In the case of a single inclusive measured hadronic momentum, D would become the standard fragmentation function (if O i = 1 there would be no medium effect, otherwise one would obtain the medium modified fragmentation function). For more exclusive observables (with more specified momenta), D would represent a more complicated object [33] . We should make it clear that the momenta which specify D do not need to be hadronic and may be completely partonic; in fact the particular D that we will consider will be completely partonic.
In the remainder of this paper, we will consider evaluating O i by perturbing in the weak coupling of the hard produced quark with the medium. Note that this does not assume that the coupling within the medium is perturbatively weak. We will encode the effect of the medium on the hard quark in terms of an infinite series of local, power suppressed, operators (suppressed by powers of the hard scale Q 2 ). Thus O i will be obtained as a series of local operators O i n and ever more suppressed perturbative coefficients c i n / Q 2 n ,
While perturbation theory is valid for the interactions of the hard quark, it is not valid for the local operator products. Any evaluation in perturbation theory necessarily requires the specification of a gauge and the calculations in this paper will be no different. Each choice of gauge will result in a slightly different set of perturbative terms along with a slightly different set of local operator products. For gauge invariant observables such as D the total sum will be gauge invariant. To demonstrate this however, one needs to be able to evaluate the operator products (for at least the first couple of terms).
In all prior attempts to evaluate D, the nonperturbative sector has never been evaluated exactly. In the HT scheme, which is closest in spirit to the present discussion, the operator products (or some combination of them) are treated as parameters of the theory. A model is assumed for how they would depend on intrinsic properties of the medium such as the temperature T . The overall normalization is set by comparing with one data point. In this paper we present the first effort to estimate these operator products non-perturbatively on the lattice.
The primary motivation for this effort is to test if such an approach is at all feasible. There is no attempt to be exhaustive and only the simplest process of jet broadening will be considered: the broadening of a single quark by a single scattering with momentum exchange k ⊥ in a hot medium. Dividing the mean k 2 ⊥ by the length of the medium will yield the transport coefficientq. The question that will be addressed in this paper is if such an approach is at all possible. To this end, we will calculate the perturbative part only in A − = 0 gauge and the nonperturbative part in quenched SU (2) lattice gauge theory. In this sense, this paper should be viewed as a "proof of principle" of such a methodology. Issues related to renormalization on both the perturbative and the non-perturbative side will be ignored. The evaluation of the perturbative coefficient functions in an alternate gauge, the computation of the modification of the shower pattern of the jet, and the evaluation of the non-perturbative operator products in SU (3) will be left for future efforts.
We note in passing that, while in this paper, we assumed the factorization of the hard scatting from the final state scattering, this (assumption) is not strictly necessary in such a framework. Indeed one may consider e + e − annihilation within such an enclosure and calculate the modification of the back-toback pair of jets. Depending on the choice of observable and gauge this will lead to a unique expansion in the form of Eq. (6).
III. LEADING ORDER DERIVATION
In this section, the operator expectation D will be factorized into a perturbative and non-perturbative part. As pointed out above, we will consider the simplest process of jet broadening at leading order in the medium. To this end, we consider the propagation of a hard virtual quark through a hot medium with the quantum numbers of the vacuum. The large scale associated with this parton allow for the use of perturbation theory and we compute the first perturbative contribution which occurs only in the presence of a medium.
Imagine a quark in a well defined momentum state |q ≡ |q + , q − , 0 ⊥ impinging on a medium |M and then exiting in the state
with the medium state absorbing this change in momentum and becoming |X . The quark is assumed to be space-like off-shell with virtuality Q 2 = 2q + q − ≤ 0 with the negative z-axis defined as the direction of the propagating quark. In a physical situation, one would have a gluon radiated off a quark, with either the gluon or the quark space-like off-shell (or both). The space-like parton would be placed closer to its mass shell by scattering in the medium. The rate of scattering is controlled by the transport coefficientq. To mimic this process we have considered the very simple process of a space-like quark scattering off the glue field in an extended medium. The case of an on-shell quark is included in the limit of Q 2 → 0. Consider the reaction in the rest frame of the medium. In this frame q 0 > 0, and we have defined the z-axis such that q z < 0. In this choice of frame, for a space-like quark we have q
If the z-axis were chosen such that q z > 0 the q + and q − will simply switch roles. For a space-like quark we have q 0 ≤ |q z |, and this implies that q − > q + . For a jet one requires q − q + . Alternatively stated |q 2 0 − q 2 z | q 0 ∼ −q z . The spin color averaged transition probability (or matrix element) for this process, in the interaction picture, is given as
where, we have averaged over the initial color and spin of the quark, assuming that the medium is in a fixed state. In the case of a thermal medium one may use the density matrix to average out the initial state. We will assume that all this is implicitly included in |M . In the equation above,
and T (T * ) represents time(anti-time)-ordering. Expanding the exponential to leading order yields,
where
To deal with the factors of time t and volume V , we introduce box normalization for the quark wave-functions and later take the limit of t, V → ∞. In box normalization, ψ(x)|q − = e −iq·x u(q)/ √ V , we get,
Shifting, the x and y integrations, the four volume may be extracted ( d 4 x = tV ) and divided out by the factors in the denominator. The mean k 2 ⊥ which yieldsq has the obvious definition,
where, we have summed over all values of the four vector k with the restriction that the final out going quark remain on shell. Where t represents the time spent by the hard quark in the thermal volume V .
With the overall factor of four-volume removed we can take t, V → ∞.
We will now demonstrate that in the limit that q goes near on-shell, i.e., q − q + , the expression above reduces to the well known expression for the transport coefficientq. Taking the limit that Q 2 = 2q + q − → 0 while q − → ∞, we can simplify the Dirac trace as
The imaginary part of the propagator yields the onshell δ-function, which may also be simplified as,
Since, k − has been ignored, compared to q − it may be integrated over to yield 2πδ(y + ). The k 2 ⊥ may be combined with the vector potentials to yield,
Absorbing both factors of k ⊥ , we obtain an expression containing only field strength tensors.
Substituting the above simplifications, one obtains,
This is the standard definition ofq. Note that nothing is specified about |M , it may indeed be an arbitrary medium. If |M is a thermal medium, then it must be averaged over in the sum over all initial states. Averaging with a Boltzmann weight will yield,
Note that in the above derivation, no ordering is introduced between the two field strength operators. The expression above is not gauge invariant, but is gauge covariant. This implies, that if one were to carry out an operator product expansion in terms of local operators, one could reorganize the expansion to only contain gauge invariant local operators. Any gauge dependence would then only be contained in the coefficient functions.
IV. THE OFF-SHELL REGIME AND THE NON-PHYSICAL REGIME.
In the preceding section, we considered the process of a near on-shell quark propagating through a hot medium, at leading order in the scattering off the medium. In this section, the case of a slightly off-shell quark will be considered. The quark virtuality or offshellness will still be small compared to the energy. Once the operator products have been isolated, we will consider the process in the region of very high virtuality, of the order of the energy, and consider an expansion in a power series with increasing negative powers of the virtuality.
Consider the imaginary part of the propagator in Eq. (9). In the limit that q − is very large, and q + is vanishingly small, there is a pole at the point where
In the regime where q + q − but q + is not vanishingly small (i.e., the parton has a non-negligible virtuality) we will obtain small additive contributions to the gauge covariant structure derived above. In this section we consider the more physical limit where
, where λ is a small dimensionless constant. In this case, the Dirac matrix structure will be simplified by taking the trace as,
with,
Expanding this out, we obtain,
We now consider this expression in A − = 0 gauge, where we may drop terms which go as Q 2 /q − ∼ λ 2 q − . This leads to a considerable simplification of the final expression,
The exponential phase factor is,
where the general (⊥)-4-vector implies A ⊥ ≡ [0, 0, A ⊥ ]. Using these relations, we may simplify,
The next set of terms simplify as,
The first term in the bracket above, can be combined with Eq. (18) to produce the field strength tensor at location x. There is another term similar to the one above which can be combined to form the field strength tensor at the origin. The last line in Eq. (16) may be re-expressed as, QCD . We can now take this particular operator product and consider its behavior over the entire complex plane of q + . We now analytically continue to the region where q + < 0 and |q
Consider the analytically continued, unphysical expression,
We introduce a new objectQ to indicate that the expression above is not the jet transport coefficient q. The discontinuity of the above expression in the region −q − q + q − corresponds toq. In the regime where q + ∼ q − k, one can expand out the denominator as,
The instances of the gluon momentum k may be replaced with derivatives. Adding, gluon scattering terms, we can convert the regular derivatives into covariant derivatives. Thus we obtain a series of gauge covariant expressions for the jet transport coefficient.
With all instances of k removed from the integrand (except for the phase factor), the integrals over all components of k can be carried out to yield four δ-functions over the position y. This yields a very simple expression forq in A − = 0 gauge, in terms of local gauge invariant operators,
The above expression requires some discussion. The discontinuity in the expression above across the real axis of q + corresponds to the transport coefficientq when −q
and positive, there is another source of a discontinuity, from real hard gluon emission. This part is perturbatively calculable as long as
QCD and does not depend on any properties of the medium. In the region where Q 2 is space-like or q + −Λ QCD there is no discontinuity across the real axis. Alternatively speaking, in the deep spacelike region the internal quark-line cannot go on-shell. For virtualities which are not in the deep space-like region, the quark can still absorb a gluon from the medium and go on-shell and there will be a discontinuity.
V. DISPERSION RELATIONS
In the preceding section, the expression forq was generalized to the region of (a physically realizable) non-zero virtuality and then considered in the region of (unphysical) very high virtuality. In the current section the two expressions will be related via dispersion relations in the complex q + plain. The expansion in the unphysical region [Eq. (24) ] will be used to estimate the value ofq in the physical region.
In order to evaluateq = Disc Q for q
we will use the method of dispersion relations: We will evaluate a similar integral in a region of the q + complex plain where there is no discontinuity and use methods of contour integration to relate the evaluated integral toq. Consider the integral,
where Q 0 is large and positive. The contour is taken as a small counter-clockwise circle around the point q + = −Q 0 . The residue of this integral is given as,
While this analysis can be carried out for arbitrary m, we consider, for definiteness, the case of m = 1. In the limit where |q + | λQ, we obtain Eq. (24) with Q 2 replaced by −2q − Q 0 , i.e.
Since q + , q − k 2 ⊥ , the above operator relation in simplified as,
We can now deform the contour and evaluate it over the branch cut from q + > −λ 2 Q to q + → ∞. This yields,
The second term in the equation above, refers to the contribution to the operator above from vacuum gluon radiation, i.e., the Bremsstrahlung radiation of gluons from an off-shell quark. As such, it contributes only in the region where the virtuality of the incoming quark is time-like and is independent of the temperature of the medium. Thus for a fixed T the second term above is a constant, while the first depends on the temperature of the medium. The limits on the first integral in the equation above allow for a simple expansion of the denominator. The factor Q 0 ∼ Q is much larger than the q + ∼ λ 2 Q in this region and thus we obtain, the much simplified relation,
To obtainq, a general functional form in the vicinity of −λ 2 Q ≤ q + ≤ λ 2 Q must be used. We start with the assumption thatq at a fixed q − is a slowly varying function of q + . This allows us to use a truncated Taylor expansion forq [We should point out that using the first few terms of the Taylor expansion is, in itself, an assumption regarding the functional form ofq(q + )]. To provide a simple illustration of the procedure, we take only 3 terms; in the final numerical results we will only use those results where the first term greatly dominates over all subsequent terms (Note that an arbitrary number of terms in the Taylor expansion may be retained for a more accurate determination ofq),
In the above equationq = ∂q/∂q + | q + =0 . Using the above truncated Taylor expansion we obtain,
In the equation above, Q + represents the limit of integration over q + for the jet. For a jet with maximum virtuality µ 2 and (−) momentum q
One may now simply compare with the expression for I 1 from Eq. (28) and equate the vacuum subtracted coefficients of Q n 0 . The methodology outlined above can be made even more precise and straightforward by setting a definite value for Q 0 = q − . While this will readjust the relative importance of the various terms in the series it allows for simpler set of operators that need to be evaluated numerically. This simplifies I 1 in Eq. (28) to,
and similarly simplifies Eq. (32) with Q 0 replaced by q − . For a virtuality µ 2 such that Λ
, we can define a q + or virtuality averagedq as,q
where the second line is only valid in the limit that q is a slow function of q + (or alternatively stated Q + q − ). We can obtain an estimate of this by studying the 2nd term in Eq. (33) . If this term is comparable to the first term then the above approximation is no longer valid. If this term is small, then one may obtain a good estimate ofq from just the first term in the series in Eq. (33) . In the subsequent section the forms of the operators and their evaluation on the lattice will be discussed.
VI. LATTICE CALCULATIONS
In the preceding sections, the jet transport parameterq, as obtained in the physical regime of jet momenta q + ∼ λ 2 q − q − , was related via dispersion relations to a series of local operators in an unphysical regime where q + = −q − . The availability of a series of local operators, suppressed by powers of the hard scale q − allow for the calculation of such non-perturbative operator products on the lattice. In essence, our task is to compute the finite temperature Minkowski space correlator,
in the limit that t → 0. In the equation above, β is the inverse temperature (β = 1/T ), H is the Hamiltonian operator, and |n represents an eigenstate of the Hamiltonian. Using the standard relations of the imaginary time formalism of finite temperature field theory, we can relate the Minkowski correlator with the Matsubara correlator in Euclidean space,
for the case where there are no time derivatives in O 1 and O 2 and yields,
. As a result we obtain the simple relation that,
Using the above relation, the local operator products in Minkowski space may be obtained from the local operators in Euclidean space.
In the following, we list out the operators that must be evaluated and re-express them in a form where they may be easily calculated on the lattice. In this first exploratory attempt, the calculation will be carried out for an SU (2) gauge theory on a spacetemperature lattice in the simplified quenched approximation. Quark-less SU (2) possesses a negative β-function as in full QCD. Since issues of higher order contributions and renormalization were ignored in the perturbative sector, renormalization will be ignored in the non-perturbative sector as well. The extension to more sophisticated simulations in quenched (or unquenched) SU (3) will be left for future efforts. In defense of the current effort, we point out that in the context of jet transport coefficients in heavy-ion collisions, quenched calculations may provide a very realistic estimate, as the early dense plasma is believed to be gluon dominated.
In the language of links, the field strength tensor t a F a µν may be expressed as,
Where, U µν represents a plaquette in the µν plane and a L is the lattice spacing. Similarly, terms with a covariant derivative may be expressed as,
where, U 4 represents a gauge link in the 4-direction.
In this paper, we have only used the right derivative as we seek only an order of magnitude estimate of terms with a time derivative, as argued below.
The first operator to be evaluated is
where, |n represents an eigenstate of the full Hamiltonian. We do not indicate the location of the two F field strength tensor insertions as both are at the same location. We now discuss the rotation of the operator products to Euclidean space. This involves the two rotations:
As a result,
In the above equation, we have ignored terms which measure topological charge density (F 31 F 41 ), assuming instanton effects to be small.
We report results on a (4 × n t ) 3 × n t lattice where n t is varied from 2 to 6. Note that finite temperature calculations are meant to be carried out in the limit that n t n s . For n t = 2 we have also carried out a calculation with n s = 12. We have not repeated the calculation with smaller values of n t and the largest value of n s = 24 as the results for n t = 2, 3 do not seem to be have any dependence on n s for n s > 12.
For this first attempt we will use the Wilson gauge action for SU (2) [34, 35] . The scale (or lattice spacing) is set on the lattice using the renormalization group formula [34, 35] 
where, a L is the lattice spacing, g represents the bare lattice coupling and Λ L represents the one dimension-full parameter on the lattice. Comparing with the vacuum string tension, we have used Λ L = 5.3 MeV. For a lattice at finite temperature or one with n t n s , the temperature is obtained as
While this may not provide the best means to set the scale on the lattice at finite temperature, it proves sufficient for a "proof of principle" approach as outlined in this paper. Gauge configurations are generated using a simple heat bath algorithm [35] . Calculations with n t = 2, 3 consist of 1000 heat bath sweeps for each data point, those for n t = 4, 5 represent 3000 sweeps and the calculations with n t = 6 were done with 5000 heat bath sweeps.
FIG. 2:
The temperature dependence of the local operator F +i F +i scaled by T 4 to make it dimensionless. Given the expression for the lattice spacing in Eq. (43) a phase transition is expected in the vicinity of T = 150 − 200 MeV. This is also reflected in the expectation of the operator product. See text for details.
In Fig. 2 we present our results for the calculation of the operator product in the first term of the series [of Eq. (33) ] as a function of the temperature as measured on the lattice. We find that while the calculations with n t = 2, 3 do not show scaling with lattice size, the calculations with n t = 4, 5, 6 show very good scaling especially in the region away form the phase transition, i.e., above T = 200 MeV. With the particular value of Λ L quenched (quark-less) SU (2) lattice gauge calculations demonstrate a phase transition in the region between 150 − 200 MeV. This is also borne out by the expectation of the operator product. We scale the results with T 4 to construct a dimensionless ratio.
For this first attempt to extractq from a lattice calculation we have not carried out a rigorous estimate of the statistical error. For the data points at T > 300 MeV, for n t ≥ 3, the statistical error is approximately the size of the plotting symbols (this may be easily surmised from the scatter in the curves). Estimates of the statistical error for operators composed solely of gauge fields in quenched SU (2) have appeared in several papers e.g., see Ref. [36] . In our view, the more important error is the systematic error brought on by the neglect of the the higher derivative terms in Eqs. (32, 33) . To estimate the value ofq solely from the first term in the expansion in Eq. (33) on requires that the higher derivative terms be small. As an estimate of the size of these terms we compare the modulus of the expectation of the first two operators in Eq. (33) , for the case of n t = 4 in Fig. 3 The plot in Fig. 3 demonstrates that for temperatures below T = 600 MeV, the expectation of the operator F +i i∂ 4 F +i /q − for a q − ∼ 20 GeV is less than 25% of the first operator product. Thus for temperatures below 600 MeV, for a q − ∼ 20 GeV, we may obtain an estimate of the transport coefficientq from only the leading term in this lattice calculation. As pointed out in the discussion of Fig. 2 , the statistical error is small enough only for T > 300 MeV in order to extract a continuum limit. Thus one can extractq from such a calculation only in the range 300 MeV< T < 600 MeV. This range coincides with the highest temperatures reached at RHIC and LHC and thus will allow future, more sophisticated, efforts to compare meaningfully with the values ofq obtained from phenomenological analysis of RHIC and LHC data. This constitutes the primary result of the current manuscript: the demonstration that the framework developed in Sections III, IV and V can be used to obtain reliable estimates of jet transport coefficients in a hot medium. Of course, comparisons with experiment will require both a more sophisticated perturbative analysis as well as a much more developed lattice calculation.
VII. ESTIMATINGq AND CONCLUDING DISCUSSIONS
In this concluding section, we attempt a simple minded extraction of the jet transport coefficientq from the lattice calculation outlined above. Recall that our calculation required that the hard quark moves through the medium without undergoing any radiation. This constrains the highest virtuality that the quark may possess for such an approach to make sense. In a future effort, partons with a higher initial virtuality will be considered. These will undergo radiative splitting in the medium and may show sensitivity to a somewhat different series of operator products.
We choose the 3rd last point in the F +i F +i curve in Fig. 3 . This corresponds to a temperature of T = 363 MeV, which is very close to the top temperature reached in RHIC collisions. At a T = 363 MeV, F +i F +i = 0.04 GeV 4 . Also we are considering a lattice with a length given by 4 × n t a L = 4/0.363 GeV −1 = 11 GeV −1 . This states that the maximum virtuality of a jet (with a q − = 20 GeV) which traverses such a length without undergoing radiation is given as µ 2 = E/L = 20/11/ √ 2 1.3 GeV 2 . Thus Q + = 1.3/40 GeV. With these estimates, we obtain,
Using α s (1.3GeV 2 ) = 0.375 [37] , we obtainq = 0.537GeV 2 /fm for an SU (2) quark traversing a quenched SU (2) plasma. In most phenomenological estimates one quotes theq of the gluon. If the above calculation were done for an SU (2) gluon, theq would differ only by the overall Casimir factor of C A /C F = 2N 2 c /(N 2 c − 1) = 8/3 yielding â q G = 1.432 GeV 2 /fm, at a T = 363 MeV. In future efforts, the calculation will be extended to higher statistics runs to evaluate theq across the phase transition. The next step is to evaluate the required operator products for a realistic jet which starts at a higher virtuality and undergoes radiative splitting in the medium. In such a calculation, the range of operators that will need to be evaluated [i.e., number of terms in the series of Eq. (33) that need to be retained] will depend on the particular parton in the shower, in particular on that parton's energy and virtuality.
Finally, to be of use to jet modification at RHIC and LHC the calculation will have to be extended to unquenched SU (3), renormalization factors will have to be introduced, and better means to set the lattice spacing will have to be used. At this stage we may only set suggestive limits on such a future estimation: the quenched SU (2) calculation has 3 colors of gluons as the fundamental fields in its Lagrangian, whereas there are 8 colors of gluons in quenched SU (3), along with 3 colors of quarks and antiquarks in the unquenched SU (3) calculation (Note that even if the plasma were completely perturbative, quarks would contribute differently to the calculation ofq than gluons [38] , or rather the lattice calculation could change considerably with the introduction of dynamical fermions). Ignoring such subtleties, and assuming a simple scaling law with number of fields in the Lagrangian, we estimate that the fullq at RHIC would lie in the range: q(T = 363MeV) = 3.7GeV
2 /fm − 6.5GeV 2 /fm.(46)
We should point out that while the above estimate is very specific to a particular range of q + , q − of the propagating parton, the estimate obtained form phenomenological analysis of RHIC collisions is an average over a wide range of parton energies and virtualities. In spite of the many shortcomings of the above calculation, we find the very encouraging result that our estimate forq at T = 363 MeV is comparable with that extracted from phenomenological analysis of RHIC and LHC data [39, 40] .
